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TECFINICAL NOTE D-8 

LAMINAR SKIN-FRICTION AND HEAT-TRANSFER PARAMFTERS 

FOR A FLAT PLATE A T  HYPERSONIC SPEEDS I N  TERMS 

OF FREE-STREAM FLOW PROPERTIES 

By James F. Schmidt 

SUMMARY 

In order to provide simple approximate design calculations, the 
skin-friction and heat-transfer parameters are presented in terms of the 
free-stream flow properties. A heat-transfer parameter based on the 
free-stream kinetic energy is introduced as a design simplification. 

i The skin-friction and heat-transfer parameters are calculated for 
a flat plate at angles of attack flrom 0' to 50° with equilibrium dis- 
sociation of air behind the shock wave and within the laminar boundary 

+ layer. These parameters are tabulated for wall temperatures between 
1000° and 3000' R with free-stream velocities of 10,000 to 28,000 feet 
per second over an altitude range of 50,000 to 300,000 feet. 

INTRODUCTION 

The currently proposed hypersonic vehicles are usually conically 
shaped with a slight bluntness at the nose to reduce heating and with 
some fin arrangement for stability. This paper presents flat-plate 
friction and heat-transfer data for many of the hypersonic flight con- 
ditions of interest. Although conical shapes may not appear amenable 
to flat-plate analysis, Hantzsche and Wendt (ref. 1) have shown by a 
transformation of the laminar boundary-layer equations that flat-plate 
results can be applied to a cone (see appendix A for details). 
of course, is only applicable f o r  a cone at zero angle of attack, there- 
by excluding all cross-flow problems. 

This, 

At the present time many exact and approximate methods of calculat- 
ing the laminar skin-friction and heat-transfer coefficients are avail- 

% able. However, these methods are usually very complex and require labo- 
rious mathematical operations to obtain even approximate results. 



'2 

u Moore (ref. 2) used a differential analyzer to calculate these 
coefficients based on the flow properties outside the boundary layer. 
An exact calculation, assuming a gas in chemical equilibrium, was made 
by Rmig and Dore (ref. 3) with a differential analyzer. 

his calculations. 

Eckert (ref. 4) 
used a semiempirical approach with a direct mathematical procedure for 

The preceding methods base their results either on the flow proper- 
? properties. Unfortunately, dissociation of air at hypersonic speeds and ro 

high angles of attack makes it exceedingly difficult to obtain these 

ties outside the boundary layer or on some reference-temperature flow 
0, 
0 

flow properties. In order to eliminate this complication, the skin- 
fkiction and heat-transfer parameters are presented herein in terms of 
the free-stream flow properties. 
the following range of free-stream conditions: 
300,000 feet; velocity, 10,000 to 28,000 feet per second; angle of attack, 
0' to 50'; and w a l l  temperature, lOO@ to 300O0 R. Eckert's reference- 
enthalpy theory (ref. 4)  of heat transfer is used for a l l  calculations, 

These parameters are calculated for 
altitude, 50,000 to 
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SYMBOLS 

local skin-f'riction coefficient 

local heat-energy coefficient 

gravitational constant, ft/sec2 

static enthalpy, Btu/lb 

heat-transfer coefficient based on enthalpy, lb/(sec)(sq f't) 

mechanical equivalent of heat, f't-lb/Btu 

adiabatic-wall enthalpy parameter 

Mach number 

static pressure, lb/sq ft 

F'randtl number 

heat transfer rate, Btu/( sec) (sq ft ) 

gas constant per unit weight of air (perfect gas) 

Reynolds number 

3 

V 
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r recovery factor 

4 

4 

St Stanton number 

T static temperature, 9( 

v velocity, ft/sec 

X distance along flat plate, f't 

r 
Cr viscosity, lb/( f't) (sec) 

P density, lb/cu f ' t  

Tw 

Subscripts: 

ratio of specific heats (perfect gas) 

w a l l  shearing stress, lb/sq Ft 

a adiabatic wall 

W w a l l  

a positive angle of attack 

-0 at zero angle of attack 

6 properties at edge of boundary layer 

Q) free stream 

2 behind shock 

Superscripts : 

* reference enthalpy 

The following sketches serve to define some of the symbols: 

Streamlines Note: Free-stream 
properties are equal 
to the properties at 
the edge of the bound- 
ary layer. w = 6 

Val ~ - 
Flat plate at zero angle of attack 



Shock wave 
I 

Note: Behind shock 
properties are equal to 
the properties at the b 
edge of the boundary 
layer. 2 = 6 

IZ 
I n: a 
C 

Flat plate at positive angle of attack 

e 

ANALYSIS 

Continuum flow with equilibrium gas composition is assumed in this 
? 

analysis based on references 5 to 7. 
and for vehicle velocities less than 25,000 feet per second, the reaction 
rates are so slow that the flow approaches a frozen state (refs. 5 and 
8). 
240,000 feet the typical vehicle will enter slip flow (ref. 5). 
this assumption of continuum flow with equilibrium gas composition is 
invalid at the extreme conditions cited previously, the equilibrium re- 
sults will provide a convenient reference fo r  nonequilibrium analyses. 

At altitudes above 220,000 feet 

Also, for the same velocity range and altitude in excess of 
Although 

In addition to assuming continuum flow with equilibrium dissociation 
of air, the following assumptions are made: 

1. The two-dimensional oblique shock is attached to the leading 
edge of the flat plate. 

2. The flow properties behind the shock, assuming no viscous 
boundary-layer displacement interaction with the boundary layer, are 
equal to the properties at the edge of the boundary layer. 

3. The static temperature and pressure of the air outside the 
boundary layer are constant. 
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4. The surface temperature along the plate is constant. 

0 
Q 

i’ 

. 1  

5. The modified Reynolds analogy is applicable for the considered 
flight conditions. 

The assumption of no viscous boundary-layer displacement interaction 
is a good approximation for  medium and large sharp-nosed cones and wedges, 
even at high Mach numbers (ref. 9). 
show progressively better agreement with the inviscid prediction as the 
cone and wedge angle increase. 
boundary-layer displacement for increasing cone and wedge angles is 
caused by proportionately smaller changes in effective geometry due to 
boundary-layer growth for these thicker bodies. Hence, it is not sur- 
prising to find a large viscous boundary-layer displacement for a thin 
body such as a flat plate at zero angle of attack (refs. 9 and 10). 
viscous boundary-layer displacement results in an induced pressure rise 
on the surface of the plate, cone, wedge, and so on. This induced pres- 
sure rise is f’urther increased by leading-edge bluntness which is neces- 
sary for most current hypersonic vehicles (refs. 11 and 12). 
10 shows that a blunt leading-edge flat plate has a very large induced 
pressure rise, whereas a blunt-nosed cone and wedge have a significant 
but much smaller induced pressure rise (magnitude of cone pressure rise 
is in tenths of inviscid prediction compared with flat-plate pressure 
rise of 10 to 40). 
as the cone and wedge angle are increased. 

Also, the results of reference 9 

This phenomenon of decreasing viscous 

This 

Reference 

In fact, this induced pressure effect becomes smaller 

In view of the preceding arguments, the viscous boundary-layer dis- 
placement is believed to have a negligible effect on the skin-friction 
and heat-transfer coefficients for medium and large, sharp-nosed cones 
and wedges. 
a sharp or blunt leading-edge). 
have shown that the entire flow field is strongly affected by the viscous 
boundary-layer displacement. 
for blunt-nosed cones and wedges is significant but is limited to a 
small region (usually not more than 5 nose diameters) *om thc  nose of 
the cone or wedge (ref. 17)). 

For the case of a flat plate (at zero angle of attack with 
Bogdonoff and Hammitt (refs. 13 to 16) 

The viscous boundary-layer displacement 

The 1956 ARDC atmosphere (ref. 18) is used in the oblique-shock 

The thermodynamic and transport 
calculations (refs. 19 and 20) with equilibrium dissociation as well as 
in the boundary-layer calculations. 
properties of air at high temperatures are obtained fYom a recent 
analysis (ref. 21). 

A l l  final equations are developed with the primary purpose of ex- 
pressing the skin-friction and heat-transfer parameters in terms of the 
free-stream flow properties. 
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Skin-Friction Parameter 

The loca l  laminar shearing stress over an inclined f l a t  p l a t e  can 
be defined i n  terms of free-stream or  reference enthalpy flow properties 
by 

where Eckert’s def ini t ion of the  reference skin f r i c t ion  coefficient 
C; ( r e f .  4) i s  

By substi tuting equation ( 2 )  i n  equation (1) the loca l  skin- 
f r i c t i o n  parameter based on free-stream properties can be expressed as 

where Re, i s  the free-stream Reynolds number. 

A t  zero angle of attack t h i s  skin-friction parameter reduces t o  

where 
function of the reference enthalpy and loca l  surface pressure. 
reference enthalpy for  a laminar boundary layer  i s  defined i n  appendix B.  
This function of the reference enthalpy and loca l  surface pressure i s  
derived i n  appendix C and p lo t ted  i n  figure 1. 

p*p*, the product of the reference density and viscosi ty  i s  a 
The 

The ef fec t  of angle of a t tack on the skin-fr ic t ion parameter i s  

”his r a t i o  henceforth will be 
eas i ly  represented by the r a t i o  of the parameter a t  any angle of a t tack  
t o  i t s  value a t  zero angle of a t tack.  
referred t o  as  the skin-friction parameter r a t io .  
energy parameter r a t io ,  defined i n  the same manner, indicates the e f f ec t  
of angle of a t tack on the heat-energy parameter. 

Similarly, a heat- 

By dividing equation (3) by equation (4) ,  the skin-fr ic t ion param- 
e t e r  r a t io  becomes 

1, 

& 

k 
I 

E\: 
0: 
C 
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where 
of the reference enthalpy and surface pressure. 

p*v*, which varies with angle of attack, is still only a function 

Heat-Ehergy Parameter 

The heat-transfer coefficient is often compared through a modified 
Reynolds analogy with a transfer of momentum across a boundary layer. 
However, this coefficient may also be compared through a modified Reyn- 
olds analogy with a transfer of energy (ref. 22) in a thermodynamic 
sense of heat; namely, a heat-energy coefficient. This heat-energy 
.coefficient is defined in the following manner: 

Q 
cq = p,vvzgJ 

where q is the heat-transfer rate and the heat-energy coefficient Cq 
is a measure of the energy lost per unit w a l l  surface Uvided by the 
energy of flow per cross-sectional area. 

Since the heat-energy Coefficient is based on the fTee-stream 
kinetic energy, it is extremely useful for aerodynamic heating problems 
and especially for reentry at high speeds. 
coefficient, which is based on the kinetic flow energy paVy2g, is very 
similar to the skin-friction coefficient, which is based on the dynamic 
flow pressure p-vY2g. 

Actually, this heat-energy 

The heat-transfer rate q can be written as 

where & is the adiabatic wsll enthalpy, h, is the wall enthalpy, and 
the heat-transfer coefficient hc, based on enthalpy, may be written as 

hc = St*p*V2 (8) 

where the Stanton number St* with the modified Reynolds analogy is 
* 

St" = 2 'f (pr*)-2/3 
(9) 

With suitable rearrangement, equation (8) can be sxpressed in the 
following manner: 

(See appendix D for the derivation of eq. 10.) 
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The enthalpy difference ha - h, of equation (7) can be expressed 
8 conveniently by the following adiabatic-wall enthalpy parameter: 

h, - hw 
% =  h, 

(The adiabatic-wall enthalpy parameter is derived in appendix E.) 
substituting equations (10) and (11) in equation (7) and reducing, the 
heat-transfer rate becomes 

By 

M 

The product of the fYee-stream pressure and velocity can be 
expressed as a function of the energy of flow per cross-sectional area. 
This relation is conveniently given by the following equatian: 

P,Vm 

The heat-energy parameter can now be obtained by combining equations 
(13) and (12) with equation (6). 
reduces to 

At zero angle of attack this parameter 
4? 

The heat-energy parameter ratio, defined in the same manner as the 
skin-friction parameter ratio, is simply 

The evaluation of p*p* 
parameter. 

is exactly the same as for the skin-friction 

DISCUSSION 

The calculation procedure used for obtaining the values in the 
tables is explained in appendix F. A l l  the calculations are based on 
the 1956 ARDC model atmosphere (ref. 18). 
pheric pressure and temperature with altitude is plotted in figure 2. 

The variation of the atmos- 
3 

J 
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Skin-Friction Parameter t 
Effect of a l t i tude .  - From figure 5 the e f fec t  of a l t i t ude  on the 

skin-fr ic t ion parameter a t  zero angle of a t tack  i s  very s l igh t  (maximum 
variat ion within 4.0 percent). A t  veloci t ies  below 16,000 f ee t  per sec- 
ond t h i s  variation i s  predominantly a f'unction of the atmospheric tem- 
perature change with a l t i tude .  This temperature change with a l t i t ude  i s  
c lear ly  shown i n  figure 2.  
sociation e f fec t  mixed i n  with the previously mentioned temperature- 
change effect .  
e t e r  a t  zero angle of attack i s  shown i n  f igure 5 t o  cause a steady in- 
crease a s  a f'unction of velocity. 
r e su l t s  i n  approximately a 2.0 percent increase i n  the skin-friction 
parameter. Figure 4 shows that the effect  of a l t i t ude  on the skin- 
f r i c t i o n  parameter r a t i o  a t  large angles of a t tack i s  large (maximum 
variat ion within 27 percent). 
atmospheric temperature change with a l t i tude  than by dissociation (note 
the la rges t  variation a t  150,000 f t  where the  temperature-change ef fec t  
i s  most s ignif icant) .  

The resu l t s  shown by the dashed l ines  of figure 5 may be i n  e r ror  
because the conditions of continuum flow with equilibrium dissociation 
are probably not satisfied a t  the  extreme f l i g h t  conditions (refs. 5 and 
7 ) .  Also, the data indicated by the dashed l i nes  a re  s l igh t ly  beyond 

How- 
ever, as s ta ted i n  the analysis, the equilibrium results as indicated 
by the dashed l i nes  are believed t o  provide a convenient reference for 
nonequilibrium analyses. 

8 

For the higher veloci t ies  there i s  a dis-  

2 The ef fec t  of dissociation on the skin-friction param- 
N 

A t  20,000 f ee t  per second this e f f ec t  4 

This effect  i s  a l so  caused more by the 

y b  
9 

Y the  range of the transport properties presented i n  reference 21. 

Effect of angle of attack. - Figure 6 shows tha t  the skin-fr ic t ion 
parameter r a t i o  increases s teadi ly  with angle of attack u n t i l  it reaches 
a maximum at  approximately 3 5 O .  A t  larger aagles of a t tack t h i s  param- 
e t e r  r a t i o  begins t o  decline and then s teadi ly  decreases u n t i l  the maxi- 
mum angle i s  reached. This behavior i s  believed t o  be caused by the ex- 
treme reduction of velocity across the shock wave, especially since the 
velocity decrease is  most prominent at large angles of attack. 

Effect of w a l l  temperature. - Figure 7 shows tha t  the skin-fr ic t ion 
parameter a t  zero angle of a t tack decreases almost l inear ly  with in- 
creasing w a l l  temperature a t  a l l  al t i tudes other than 50,000 f ee t .  
reason f o r  t h i s  nonlinear effect  a t  50,000 f e e t  i s  not presently ap- 
parent. A t  the lower wall temperatures (500° t o  2000° R )  there seems 
t o  be a discrepancy i n  the curves fo r  velocit ies of 20,000 and 22,000 
f ee t  per second, especially a t  the higher a l t i tudes  (200,000 t o  300,000 
f t ) .  The reason fo r  t h i s  i s  uncertain, but since the discrepancy be- 
comes s teadi ly  greater w i t h  a l t i t ude  a possible pressure e f fec t  i s  sug- 
gested. A t  angle of attack, even a t  large angles of at tack, the skin- 
f r i c t ion  parameter r a t i o  i s  approximately independent of the w a l l  tem- 
perature up t o  2000° R f o r  the complete velocity and a l t i tude  range 
(e .g . ,  f i g .  8 ) .  

The 
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Comparison of results with other solutions. - In  figure 9 the pres- 
ent  solution of t h i s  paper f o r  the skin-fr ic t ion parameter at zero angle 

very well (within 2.0 percent) with the  methods of Romig and Dore, and 

9 
of attack i s  cmpared with solutions by Rmig and Dore (ref. 3), Moore 
(ref. 2) ,  and Young and Janssen ( r e f .  2 3 ) .  

Moore. 
boundary-layer calculations. 
assumes a perfect gas composition, does not compare quite as favorably 
(within 5.0 percent) with the present solution. These comparisons are 
not exactly correct since, as l isted i n  figure 9, the  w a l l  temperatures 
and initial temperatures of the  air far the  various solutions are 
s l igh t ly  d i f fe ren t .  
a negligible e f fec t  on the skin-fr ic t ion parameter. 

The present solution agrees 
e 

These two methods a l so  assme equilibrium dissociation i n  the 
The method of Young and Janssen, which 

However, these variations are small and r e su l t  i n  

Heat-Energy Parameter 

Effect of a l t i tude .  - The ef fec t  of a l t i t ude  on the  heat-energy 
parameter a t  zero angle of a t tack  (f ig .  10) i s  small (within 5 percent). 
A s  before, th i s  a l t i t ude  e f fec t  i s  caused more by the atmospheric tem- 
perature change with a l t i t ude  than by dissociation. The ef fec t  of dis-  
sociation on the  heat-energy parameter i s  shown i n  figure ll t o  cause a 
steady increase as a m c t i o n  of  velocity. 
t h i s  effect  results i n  approximately a 2.0 percent increase i n  the heat- 
energy parameter. Figure 12  shows t h a t  the e f fec t  of a l t i t ude  on the * 
heat-energy parameter r a t i o  i s  large (maximum variation of 22.0 percent 
a t  a = 450). 

4 
A t  20,OOO feet per second 

Effect of angle of attack. - Figure 13 shows that the heat-energy 
parameter-ratio increases s teadi ly  with angle of a t tack up t o  approxi- 
mately 45". A t  this point the curves appear t o  f l a t t e n  out and are es- 
sen t ia l ly  constant u n t i l  the  maximum angle of a t tack  (approx. 50') i s  
reached. 

Effect of wall temperature. - From figure 14 it can be seen tha t  
the  w a l l  temperature has a large almost-linear e f fec t  (up t o  80 percent) 
on the heat-energy parameter a t  zero angle of attack, especially at the 
lower velocit ies.  This e f fec t  (same as f o r  the skin-friction parameter) 
becomes nonlinear only at an a l t i t ude  of 50,000 f e e t  fo r  wall tempera- 
tures  above 2000° R .  
pears t o  be a discrepancy i n  the curves f o r  veloci t ies  of 20,000 and 
22,000 f ee t  per second, especially a t  the high a l t i tudes .  Again the 
reason f o r  t h i s  i s  uncertain, but the discrepancy seems t o  be some type 
of pressure e f fec t  with a l t i t ude  (maybe a dissociation effect ,  which i s  

l o c i t i e s ) .  
i s  essent ia l ly  independent of wall temperature up t o  2000' R over the com- 

Similar t o  the skin-friction parameter, there ap- 

nul l i f ied a t  the  higher veloci t ies  and does not ex is t  at the 

p le te  velocity and a l t i t ude  range (e.g. ,  f i g .  1 6 ) .  

lower ve- J 

A t  posit ive angles of a t tack the heat-energy parameter r a t i o  

4 
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Comparison of results with other solutions. - In figure 15 the t present solution for the heat-transfer rate is compared with the method 
of Romig and Dore (ref. 3). 
solution of the laminar boundary layer for highly-dissociated stream 

ties are substituted into the present solution for an equivalent com- 
parison. 
under conditions of extreme dissociation. 

The method of Romig and Dore is an exact 

d properties outside the boundary layer. These dissociated stream proper- 

This comparison is quite favorable (within 6.0 percent), even 

3 
D u 

CALCULATIONS AT WALL TEMpERATlTREs OTBER THAN 1000° R A 
Figures 7 and 14 give the skin-friction and heat-energy parameters, 

respectively, at zero angle of attack for w a l l  temperatures fyom 500° 
to 3000’ R. 
friction and heat-energy parameter ratios are independent of w a l l  tem- 
perature up to 2000° R. Therefore, the skin-friction and heat-energy 
parameters at any positive angle of attack can be determined for wall 
temperatures between 500° ‘and 2000° R. 
of attack is obtained by selecting the appropriate parameter at zero 
angle of attack from figures 7 or 14 (determined by free-stream condi- 
tions) and multiplying the result by the appropriate parameter ratio 
from figures 6 or 13 (also determined by free-stream conditions). 

From figures 8 and 16 it is clearly seen that the skin- 

2 : This parameter at positive angles 

:’ 
3 

u 

CONCLUDING REMARKS 

It has been found that accurate estimation of the transport prop- 
erties, especially at high temperatures, is the most important factor in 
calculating the skin friction and heat-energy parameters. In fact, the 
larger variations in a comparison of calculation methods for heat trans- 
fer can usually be attributed to the differences in evaluation of the 
transport properties. However, accurate evaluation of the transport 
properties at very high temperatures is extremely difficult, especially 
over a wide range of pressures. Therefore, in order to provide simple 
approximate design calculations, the skin-friction and heat-energy par- 
ameters are presented in terms of the f’ree-stream flow properties. These 
simplified equations can easily be applied to reentry drag and heat- 
transfer problems. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, February 6, 1959 
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APPEKDIX A 

APPLICATION TO CONICAL SHAPES 
c 

A s  stated in the INTRODUCTION, flat-plate skin-friction and heat- 
transfer results can be applied to a cone at zero angle of attack by a 
transformation of the laminar boundary-layer equations (ref. 1). This 
transformation requires that the skin-friction and heat-energy param- 
eters fo r  a flat plate be multiplied by 
for a cone at the same distance from the nose as from the leading edge. 
A l s o ,  the local external conditions at the edge of the boundary layer 
for a cone must be the same as for the flat plate. 

4 to obtain these parameters 

It is well known from classical aerodynamics that the air properties 
acting on a cone surface are greatly different from the properties acting 
on a two-dimensional wedge surface for the same flight conditions and 
equal cone and wedge angles. This difference is caused by the continuous 
compression of the air between the conical shock wave and the cone sur- 
face. However, for high flight speeds and large cone angles, the actual 
compression of the air behind the conical shock wave is extremely small. 
In fact, Romig (ref. 24) has shown by an exact calculation method that 
the air properties acting on a wedge surface are almost equal to the 
properties acting on a cone surface with the same shock angle, provided 
that the flight velocity is 10,000 feet per second or greater and that 
the cone semivertex angle is at least 15O. 
Romig has developed an equation that relates the cone semivertex angle 
to the shock-wave angle in terms of the free-stream Mach number and. 
pressure. This equation is defined as 

1 

*' 
For precise calculations 

where 8 is the shock wave angle, 0 is the cone semivertex angle, and 
A and B are functions of pressure. 

B = 1.03 - 0.005 log P, (A3 1 
where P, is the free-stream pressure in atmospheres. Equations (Al), 
(A2) ,  and (A3) are appropriate for the following range of conditions: 
pressure, 10-1 to atmospheres; velocity, 10,000 to 32,000 feet per 
second; cone semivertex angle, 20' to 50'; and the combined velocity and 
cone semivertex angle requirement, M, sin (5 2 6. 

P 

From equation ( A l )  flat-plate (at angle of attack) or two- 
dimensional, wedge surface properties can be directly related to cone 

tion ( A l ) ,  oblique-shock-wave data can be used to obtain the correct 
wedge angle or surface properties for the arbitrarily chosen cone semi- 
vertex angle at the same flight conditions. 

surface properties. Once the shock wave angle is calculated from equa- * 

? 
e 
a 
C 
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APPENDIX B 

THE REFERENCE ENTHALPY 

0 
03 
cu 
I4 

Eckert's reference enthalpy (ref. 4) may be written as 

h* = 1. 2 (hz + h) + 0.22 r r&) 
where r is the recovery factor and V2/2gJ can be expressed in terms 
of the energy equation per unit mass 2 

By substituting equation (B2) in (Bl) and rearranging terms, the ref- 
erence enthalpy becomes 

where 
the shock calculations of reference 19. 

h2/h,, the enthalpy ratio across the shock wave, is obtained f r o u  

At zero angle of attack, equation (B3) reduces to 

where r, the recovery factor for a laminar boundary layer, is 

From the transport properties of reference 21the Prandtl number to be 
evaluated at the reference enthalpy, is assumed constant at 0.71. Al- 
though this Prandtl number will vary to a sizable ctegree (0.58 to 0.77) 
over a wide temperature range (500° to 5500° K) , this change has a 
relatively small effect on the desired parameters. T h i s  effect results 
in a maximum error of only 2.5 percent on the final parameters when the 
extreme values of the Prandtl number are compared. 

3 
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EY 

Reference enthalpy 

APPENDIX c 

Product of reference 

* *  UATION OF p p 

parameter , 
h*/100, 
Btu/lb 

Reference 21 presents recent tabulated values f o r  the thermodynamic 
and transport properties of high-temperature air. 
equilibrium dissociation of air which, as discussed previously, is  a 
basic assumption of t h i s  analysis.  fiom reference 2 1  the thermodynamic 
properties of high-temperature air have an accuracy of the  order of 2 t o  
5 percent. For the range of f l i g h t  conditions considered the transport  
properties of reference 2 1  have an approximate accuracy of the  order of 
5 t o  20 percent. 
viscosity p*p* 
enthalpy and surface pressure ( f ig .  1). This functional approximation 
f o r  p*p* has a maximum er ror  of +4 percent compared with the r e su l t s  
of reference 21. These functions, which are  applicable f o r  a pressure 
range of 10 t o  0.0001 atmospheres, are presented i n  the following table:  

This reference assumes 

From these tabulated data the reference density and 
can be expressed as a function of only the reference 

density and viscosity,  

lb2/(  f t 4 )  ( sec)X106 
P*P*, 

8 t o  25 

25 t o  50 

50 t o  150 

1.1(XJ-0-382 p1.0 
1.1 (&)-'* 382 ~ 0 . 9 9 2 5  + A 

.l(&)-0*382 PO. 9925 

-0.313 
0 . 8 4 ( 2 )  PO. 9925 

100 

1 t o  8 

Where (& - 25) 
1 7  A = 0.4975 - 

Pressure P i s  i n  atmospheres. * 

4 

c 
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DEZIVATION OF THE HECIT-'I%ANSFER COEFFICIENT 

The heat-transfer coefficient based on enthalpy is 

(D1) 
* *  hc = St p V2 

where the Stanton number St* with the Modified Reynolds Analogy is 

st* = 2 c; (pr*)-2/3 

By substituting equation (D2) i n  (Dl), the heat-transfer coefficient 
becomes 

With the substitution of the skm-friction coefficient, equation (2), 
the laminar heat-transfer coefficient is 

By rearraaging equation (W), the Laminar heat-transfer coefficient is 
reduced to equation (8) 

3 
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APPENDIX E 

TBE ADIAEATIC-WILL ENTHClLPY PARAMETER 

The adiabatic-wall enthalpy parameter is defined by 

where ha, the adiabatic wall enthalpy is 

4 h a = % + r -  2gJ 

By combining equations (B2) and (E2) with (El) and simplifying, the 
adiabatic-wall enthalpy parameter can be expressed by 

At zero angle of attack equation (E3) reduces to 

!? 
N 
03 
0 

where r, the reccjvery factor, is defined in appendix B. 
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APPENDIX F 

CALCULATION PROCEDUFlE 

Skin- Friction Parameter 

The skin-friction parameter at zero angle of attack is determined 
from equation (4) with the reference density and viscosity evaluated by 
the proper function of the reference enthalpy and surface pressure in 
the table in appendix C. Therefore, the reference enthalpy, which is 
defined in appendix B must first be calculated before the reference 
density and viscosity can be determined. As stated in the DISCUSSION, 
the atmospheric properties of air are obtained from reference 18. (The 
variation of temperature and pressure with altitude is shown in fig. 2.) 
The skin-friction parameter is tabulated in table I for a wall tempera- 
ture of 1000° R with free-stream velocities of 10,000 to 28,000 feet per 
second over an altitude range of 50,000 to 300,000 feet. In addition, 
this parameter is tabulated in table I11 for wall temperatures up to 
3000' R with the same velocity and altitude range as previously given. 

At positive angles of attack the skin-friction parameter ratio is 
obtained from equation (5) with the reference density and viscosity 
evaluated by the same procedure as above. In this case, however, there 
is an oblique shock wave attached to the flat plate and the velocity 
ratio across the shock wave is obtained from the shock-wave calculations 
of reference 19. The skin-friction parameter ratio for a wall tempera- 
ture of 1000° R is tabulated in table I with angles of attack up to 50' 
for the preceding altitude and velocity range. 

Heat-Energy Parameter 

The heat-energy parameter at zero angle of attack is determined 
from equation (14) with the reference density and viscosity evaluated 
in the same manner as for the skin-fl-iction parameter. The adiabatic- 
wall enthalpy parameter used in equation (14) is calculated from appen- 
dix E. This heat-energy parameter is tabulated in table I1 for a wall 
temperature of 1O0Oo R with the previously given velocity and altitude 
range. A l s o ,  this parameter is tabulated in table IV for wall tempera- 
tures up to 3000°R with the same velocity and altitude range. 

The heat-energy parameter ratio is calculated from equation (15) 
with the reference density and viscosity evaluated by the same procedure 
as for the skin-friction parameter ratio. Likewise, the velocity ratio 
across the shock wave and the adiabatic-wall enthalpy parameter are de- 
termined by the same procedure as above. 
ratio for a w a l l  temperature of 1000° R is tabulated in table I1 with 
angles of attack up to 50' for  the previous velocity and altitudes range. 

The heat-energy parameter 
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0 

1 w 

5 10 1 5  20 25 30 35 40 45 50 

V 

0.5122 1.738 2.564 3.384 4.060 4.433 :!:!!!I i%H{i (17713.45614.6681 1.989 3.020 4.034 4.675 5.5371 6.081 5.287 
16,000 2.436 3.849 5.283 6.293 6.997 
18,000 .4292 2.578 4.2.5Y 5.791 6.870 7.694 
20,000 .4147 2.718 4.627 6.356 7.543 8.543 
22,000 .4019 2.879 5.035 6.942 8.221 9.309 
24,000 .3907 3.079 5.436 7.503 8 . 9 9 6  10.14 
26,000 .3802 3.277 5.852 8.144 9.724 10.93 
28,000 .3702 3.487 6.280 8.478 10.35 1 1 . 7 1  

TABLE I. - SKIN-FRICTION PARAMETER 

[Wall s t a t i c  temperature, Tw, 1000° R.] 

4.563 4.386 

6.2841 5.490 5.504 6.250 
7.296 7.312 
8.122 8.162 
9.018 8.987 
9.827 9.825 

10.70 10.76 
11.57 11.70 
12.55 12.58 

I Angle of a t t a c k ,  a. dep. 

' 

4.041 3.477 2.241 
5.124 4.526 3.39: 
5.995 5.302 4.354 
6.828 6.170 4.934 
7.616 6.955 5.59; 
8.578 7.910 6.331 
9.427 8.535 7.12t 

10.27 9.259 ----_ 
11 .og _ _ _ _ _  _ _ _ _ _  
12.11 _ _ _ _ _  _ _ _ _ _  

10,000 
12,000 
14,000 
16,000 
18,000 
20,000 
22,000 
24,000 
26,000 
28,000 

0.5148 1.728 2.517 3.305 3.844 4.386 4.422 4.392 4.219 3.377 2.19; 
.4896 1.998 2.987 3.605 4.507 5.071 5.266 5.186 4.861 4.252 3.344 
.4676 2.221 3.377 4.417 5.159 5.837 6.148 6.255 5.852 5.234 4.241 
.4486 2.434 3.788 5.042 6.028 6.698 6.993 7.044 6.756 6.085 5.00: 
.4324 2.547 3.908 5.635 6.669 7.443 7.878 7.968 7.638 6.889 5.69- 
,4184 2.695 4.456 6.223 7.368 8.286 8.732 8.687 8.205 7.477 6.31E 
.4063 2.797 4.806 6.717 8.024 8.960 9.492 9.514 9.122 8.210 6.955 
.3958 2.992 5.255 7.127 8.631 9.775 10.36 10.45 9.924 9.056 7.744 
.3859 3.186 5.658 7.737 9.390 10.54 11.19 11.30 10.91 9.890 8.53E 
.5758 3.586 6.100 8.338 10.11 11.32 12.01 12.12 11.75 10.85 9.412 

-I I I I I I I 1 1 1 

Alti tude.  100,000 f t  

-.I ~ - I- I I I I I I I' 
Alti tude,  150,000 f t  

7 -~ I -. - 

10,000 
12,000 
14,000 
16,000 
i8.000 
20,000 
22,000 
24,000 
26,000 

0.5221 
,4969 
.4750 
.4562 
.4402 
.4265 
.4149 
.4051 
.3954 
,3851 

3.527 3.980 4.016 4.086 3.599 2.880 2.324 
4.163 4.678 4.870 4.718 4.503 3.928 3.32C 
4.790 5.501 5.771 5.665 5.370 4.824 4.004 
4.554 6.279 6.511 6.525 6.136 5.590 4.641 
6.180 6.978 7.262 7.327 7.040 6.382 5.306 
6.763 7.626 8.089 7.9251 7.604 6.955 5.92E 

Alt i tude,  200.000 f t  
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Veloc- 
i t y ,  

TABLE 11. - HEAT-ENERGY PARAMETER 

[Wall s t a t i c  temperature, T,, 10000 R J  

1/2 Heat-energy parameter r a t i o ,  
Heat-energy 
parameter, 

0 5 10 15 20 25 30 35 40 45 50 

10,000 0.2478 1.765 2.666 3.664 4.653 5.475 6.193 6.771 7.033 7.239 
12,000 .2424 2.017 3.138 4.367 5.463 6.505 7.227 7.996 8.440 8.701 
14.000 .2353 2.205 3.570 5.045 6.327 7.326 8.227 9.000 9.659 9.957 
16,000 .2282 2.466 3.986 5.702 7.168 8.425 9.495 10.41 10.95 11.35 
18,000 .2213 2.607 4.383 6.220 7.720 9.176 10.44 11.45 12.25 12.67 
20,000 .2149 2.746 4.778 6.816 8.493 10.20 11.57 12.62 13.41 13.90 
22,000 .2091 2.906 5.179 7.440 9.206 11.05 12.55 13.74 14.70 15.26 
24,000 .2038 3.106 5.611 8.039 10.06 12.01 13.63 14.98 16.02 16.59 
26,000 .1988 3.306 6.037 8.683 10.85 12.92 14.70 16.21 17.30 ----- 
28,000 .1939 3.516 6.476 9.032 11.49 13.77 15.86 17.41 18.69 ----- 

10,000 
12,000 

18,000 
20,000 
22,000 
24,000 
26,000 
28.000 

14,000 
16,000 

6.777 
8.464 
9.958 
11.20 
12.57 
13.91 
15.31 ----- ----- ----- 

0.2501 
.2444 
.2372 
.2299 
.2233 
-2170 
.2115 
.2066 
.2020 
.1970 

1.757 
2.029 
2.252 
2.466 
2.577 
2.723 
2.826 
3.020 
3.217 
3.415 

2.620 3.596 
3.111 3.883 
3.506 4.745 
3.928 5.393 
4.046 6.035 
4.602 6.672 
4.975 7.182 
5.427 7.621 
5.828 8.249 
6.288 8.883 

4.370 
5.178 
5.896 
6.817 
7.496 
8.267 
8.997 
9.640 
10.49 
11.25 

5.399 
6.191 
7.079 
8.038 
8.875 
9.845 
10.64 
11.56 
12.45 
13.36 

6.978 
8.254 
9.725 
11.04 
12.36 
13.45 
14.69 
16.02 
17.37 
18.82 

1 I I I I I I 1 

Altitude,  150,OOO ft 

6.560 
8.157 
9.680 
11.04 
12.39 
13.52 
14.77 
16.13 
17.57 
19.09 

10,000 
12,000 

18.000 
20,000 
22,000 

14,000 
16,000 

24,000 
26,000 

, 
, 

0.2533 
.2470 
-2397 
.2323 
.2259 
.2201 
.2151 
.2110 
.2065 
.2015 

9.094 9.974 10.65 
10.09 11.12 11.88 
11.19 12.18 12.92 
12.09 13.31 14.22 
13.16 14.52 15.41 
14.20 15.65 16.75 
15.26 16.78 18.03 

12,000 
14,000 
16,000 
18,000 
20,000 
22,000 
24,000 
26,000 
28.000 

0.2450 
.2400 
.2335 
-2268 
.2207 
.2155 
.2112 
.2076 
.2039 
.1987 + 10.000 0.2453 

1.684 2.507 3.302 4.036 4.838 5.385 6.050 
1.895 2.841 3.871 4.740 5.648 6.408 6.929 
2.102 3.202 4.435 5.437 6.565 7.468 8.073 
2.306 3.598 4.929 6.143 7.431 8.301 9.102 
2.447 3.804 5.461 6.907 8.274 9.305 10.23 
2.554 4.158 5.942 7.564 9.039 10.23 11.04 
2.647 4.486 6.529 8.263 9.741 11.04 12.18 
2.821 4.879 7.013 8.892 10.60 11.98 13.24 
2.996 5.237 7.705 9.547 11.37 13.01 14.32 
3.176 5.577 8.089 10.29 12.31 14.02 15.41 

Altitude,  200,000 ft 

12;OOO .2403 l ~ ~ : % ~ l  .2337 .2272 
18.000 .2215 

1.722 2.603 3.357 3.562 4.993 5.778 6.223 6.538 6.783 6.65C 
1.987 2.948 4.178 5.031 5.662 6.708 7.379 7.834 8.115 7.97C 
2.222 3.404 4.746 5.796 6.887 7.673 8.403 9.006 9.358 9.33: 
2.224 3.808 5.199 6.511 7.758 8.763 9.616 10.24 10.64 '10.69 
2.433 3.938 5.724 7.275 8.578 9.766 10.75 11.46 11.96 12.04 
2.627 4.604 6.575 7.915 9.421 10.78 11.62 12.40 12.93 12.99 
2.803 4.795 6.895 8.607 10.07 11.49 12.72 13.60 14.13 14.31 
2.968 5.169 7.265 9.632 11.01 12.54 13.78 14.80 15.42 15.62 
3.120 5.490 7.866 9.956 11.90 13.55 14.90 15.95 16.64 16.95 
3.273 5.984 8.413 10.65 12.72 14.53 15.99 17.35 18.01 18.35 

Altitude,  250,000 ft 

8.113 9.687 
8.943 10.69 
9.695 11.39 
10.43 12.39 
11.26 13.46 
12.12 14.42 

6.421 7.037 
7.652 8.321 
8.630 9.481 
9.885 10.87 
11.03 12.23 
12.25 13.17 
13.02 14.37 
14.19 15.67 
15.34 16.95 
16.48 18.42 

7.408 7.698 7.63( 
8.817 9.204 9.15! 
10.17 10.64 10.79 
11.61 12.12 12.42 
13.07 13.72 13.84 
14.00 14.56 14.73 
15.40 16.02 16.25 
16.76 17.47 17.70 
18.06 18.87 19.26 
19.56 20.46 20.89 

I 

2.333 3.722 5.046 6.449 7.700 8.707 9.536 10.18 
2.496 4.199 5.821 7.366 8.685 9.855 10.85 11.63 
2.630 4.622 6.567 8.182 9.722 11.02 12.16 13.26 
2.811 4.715 7.120 9.033 10.74 12.24 13.12 14.03 
3.019 5.453 7.673 9.763 11.41 13.03 14.41 15.42 
3.235 5.948 8.320 10.40 12.36 14.11 15.56 16.76 
3.443 6.301 8.944 11.27 13.43 15.50 16.88 18.14 
3.661 6.657 9.430 12.05 14.50 16.46 18.11 19.50 

I I 1 I 

F 
Lo 
or, 
0 
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1000 2000 2500 3000 

0.4928 
-4726 
.4541 
-4373 
.4226 
-4095 
-3977 
-3873 
-3771 
-3675 

0.4847 
.4662 
.4491 
.4336 
.4195 
.4070 
.3957 
.3856 
.3756 
.3663 

0,5028 
-4825 
-4642 
-4479 
-4339 
,4217 
-4112 
-4022 
-3921 
-3822 

0.4946 
-4763 
.4595 
,4442 
.4310 
.4194 
.4094 
.4009 
.3906 
.3809 

0.4871 
.4704 
-4549 
-4408 
.4283 
-4173 
-4077 
-3992 
.3890 

, 03795 

0.5181 
.4928 
.4711 
-4522 
-4369 
.4238 
.4127 
.4037 
-3945 
.3841 

0.4987 
.4783 
-4603 
-4444 
,4307 
-4190 
.4093 
.4012 
-3912 
,3813 

TABLE: 111. - SKIN-FRICTION PARAMETER AT ZERO A N G B  OF ATTACK 

Velocity, 
v, 

f t / sec  

Skin-friction parameter, Cf ,-o,co (Re a0 )ll2 

wall temperature, OR 

Altitude, 50,000 f t  Alt tude, 100,OOO 

0.4954 0.4872 
.4751 .4688 
-4567 .4519 
.4404 .4366 
.4260 -4229 
.4133 -4109 
.4024 .4005 
.3927 -3912 
-3825 .3810 T -3728 .3716 

t 

.4 798 

.4630 

.4473 

.4331 

.4202 

.4086 

.3986 
3895 

.3795 
03704 

1.5122 
.487C 
.4649 
4459 

-4292 
-4147 
,4019 
3907 

-3802 
3702 

0 5148 
-4896 
.4676 
-4486 
.4324 
-4184 
.4063 
3958 

.3859 
3758 

10, OOO 
12,000 
14,000 
16,000 
18,000 
20,000 
22,000 
24,000 
26,000 
28,000 

10,000 
12,000 

18,000 
20, OOO 
22,000 
24,000 
26,000 
28, OOO 

14,000 
16,000 

Alt 00,Ooo f t  

1.5221 
-4969 
.475c 
-4562 
4402 

-4265 
-4149 
-4051 
3954 
3851 

0.4905 
.4 720 
.4556 
04408 
.4279 
.4169 
-4076 
3982 

.389 7 

.3800 

3 -4833 
.4664 
-4511 
.4374 
.4254 
.4149 
.4061 
.3982 
.3881 
.3787 

I I 1 

Altitude, 250,000 f t  Altitude, 300,000 f t  

).5092 0.4901 
-4841 -4696 
.4625 .4518 
-4441 -4363 
-4289 -4231 
-4165 -4122 
.4064 -4032 
.3983 -3961 
-3900 -3867 I .3786 -3769 

~~ 

10, 000 
12, 000 
14,000 
16,000 
18,000 
20,000 
22,000 
24,000 
26,000 
28,000 

1.4744 
.4577 
.4428 
.4295 
-4180 
.4084 
-4005 
.3937 
3836 
3742 

0 4825 
-4641 

-4222 
.4126 

3985 
3892 

).4819 
.463!5 
.44 71 
.4327 
.4207 
.4103 
.4018 
3950 

.3851 
3 756 

1.4751 
-4585 
.4438 
-4308 
-4198 
-4109 
.4039 
39 79 

.38 76 
-3782 
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1000 

4 

2000 2500 3000 

TABU IV. - HEAT-ENERGY PARclMETER AT ZERO ANGLE OF ATTACK 

1000 

Te loc  it y , 
v, 

f t / s ec  

2000 2500 3000 

Heat-energy parameter, cq, a-O ( R~,) 1/2 - 

1.2501 
.2444 
.2372 
.2299 
.2233 
.2170 
.2115 
.2066 
.2020 
.1970 

wall temperature, OR 

0.2031 0.1814 
.2121 .1971 
.2141 .2030 
.2127 .2044 
.2100 .2036 
.2066 .2015 
.2032 .1991 
.1998 .1965 
.1959 .1931 
.1918 .1894 

3.2478 
.2424 
.2353 
.2282 
.2213 
.2149 
.2091 
.2038 
.1988 
.1939 

0.2010 
.2105 
.2124 
.2109 
.2080 
.2045 
.ZOO6 
.1970 
.1930 
.1891 

50,000 f t  

0.1796 
.1953 
.2014 
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( a )  A l t i t ude ,  50,000 f e e t .  

( b )  A l t i t ude ,  100,000 f e e t .  

Figure 7. - Effec t  of w a l l  temperature on s k i n - f r i c t i o n  parameter at zero angle of 
a t t ack .  Laminar boundary layer. 
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Figure 7. - Continued. E f fec t  of wall temperature on s k i n - f r i c t i o n  parameter a t  
zero angle of at tack.  Laninar  boundary l aye r .  
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Figure 7. - Concluded. Effect of w a l l  temperature on s k i n - f r i c t i a  Parmeter at 
zero angle of attack. m a r  boundary layer. 
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Figure 8. - Effect of w a l l  temperature on laminar skin-friction parameter 
r a t i o  as a function of angle of attack. Altitude, 150,000 feet; laminar 
boundary layer. 
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Figure 14. - Effect of wall temperature on heat-energy parameter at zero angle Of 
attack. h i n a r  boundary layer. 
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Figure 14. - Continued. 
zero angle of attack. 

Effect of wall temperature on heat-energy parameter at 
boundary Layer. 
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( c )  Altitude, 150,000 feet .  

Figure 14. - Continued. 
zero angle of attack. 

Effect of w a l l  temperature on heat-energy parameter at 
Laminar boundary layer. 
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Figure 14. - Continued. 
zero angle of attack. 

Effect o f  w a l l  temperature on heat-energy parameter at 
Laminar boundary layer. 
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Figure 14. - Concluded. 
zero angle of attack. 

Effect of w a l l  temperature on heat-energy m e t e r  at 
Laminar boundary hyer. 
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f 

Figure  15. - Compariscn of t h e  p r e s e n t  scluticn x . i t n  t h e  rneth3d Of reference 5 
for t he  laminar h e a t - t r a n s f e r  r a t e .  Wall t empera tk re ,  1030° R ;  dissociation 
equilibrium pressure, 1 atmosphere ;  l a m i n a r  b d u n d a r y  l a y e r .  
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